Introduction
Let G denote the nite general linear group GL n (F q ) over the nite eld with q elements. Associated to each partition of n, there is an irreducible unipotent complex character of G. The degree of is a polynomial in q given by Green The purpose of this note is to prove similar lower bounds for the degrees of the irreducible p-modular Brauer characters of G when p is coprime to q. We rst state a special case of our main result. Let F be an algebraically closed eld of characteristic p > 0 not dividing q. Then, for each partition of n, there is an associated irreducible unipotent FG-module L(1; ) (see 3, x3.5], or 11] where it is denoted D ). For an integer N 1, we say that a partition is N-regular if it does not have N or more non-zero parts that are equal; in particular, the only 1-regular partition is the zero partition. Then we show: Theorem A. Let be an e-regular partition of n, where e is minimal such that 1 + q + + q e?1 0 (mod p). Then, dim L(1; ) q b( 0 ) .
Thus, for e-regular partitions, the same lower bound as in characteristic 0 can be used.
If the regularity assumption is dropped, it is easy to nd examples where the bound fails (e.g. take = (1 e )).
To formulate our main theorem in the general case, we need to recall a parametrization of the irreducible FG-modules. First We remark that the lower bound in Theorem B is exact if and only if each partition i has either just one row (\trivial") or just one column (\Steinberg"). Moreover, the lower bound is always a polynomial in q whose leading term is the same as the leading term in the generic degree for the ordinary irreducible character with the same labelling. In this section, F denotes an arbitrary algebraically closed eld and q is a primitive`th root of unity in F. For convenience, we exclude the possibility that q = 1, since the main result below is already known 16, 17] in the classical case. Choose a square root v of q in F so that if`is odd, then v is also a primitive`th root of unity. We are concerned with the divided power version of the quantized enveloping algebra of gl n over F at the parameter v, as de ned originally by Lusztig 14, 15] and Du 7, x2] (who extended Lusztig's construction from sl n to gl n ). We also cite 1, 2] as general references for the rational representation theory of quantum groups at roots of unity.
To recall some de nitions, let t be an indeterminate. Then, the quantized enveloping algebra U Q(t) associated to gl n is the Q (t)-algebra with generators fE i ; F i ; K 1 j j 1 i < n; 1 j ng subject to the relations
t ? t ?1 ;
Here, for any 1 i < j n, K i;j denotes K i K ?1 j . For a; b 2 N ; X 2 U Q(t) and 1 j n, i ; E Let E denote the Euclidean space with orthonormal basis " 1 ; : : : ; " n . For 0 6 = 2 E, _ denotes 2 =h ; i, where h:; :i is the inner product on E. The root system of type A can be identi ed with the subset f" i ? " j j 1 i; j n; i 6 = jg of E, and a set of simple roots is given by the i := " i ? " i+1 for i = 1; : : : ; n ? 1. The weight lattice is then the Z-submodule X of E generated by " 1 ; : : : ; " n , where we identify the element Proof. This is equivalent to the fact that for`-restricted , the module L( ) is irreducible over the (thickened) Frobenius kernel, i.e. the subalgebra of U generated by U 0 and fE i ; F i g 1 i<n (see e.g. 2, 1.9]).
1.2. Lemma. Let The theorem is clear in the case n = 1, so suppose that n > 1 and that the result has been proved for all smaller n. For a xed`-restricted 2 X + , we proceed by downward induction on the dominance order on ( ), the result being clear for = .
It su ces to consider the case that 2 ( ) is dominant. Write = ? 
S (t) := X R (t):
We also let denote the dominance order on partitions as in the previous section, and for a partition we de ne the integer b( ) as in the introduction. So the term R (q) gives a non-zero contribution to ( ) which makes the inequality strict.
Finally, for = (n) or (1 n ), one easily sees that the term ( ) is zero so equality holds in these cases. Theorem B in the introduction now follows immediately from this and the de nition of the Harish-Chandra operator . To deduce Theorem A, it is obviously a special case of Theorem B unless q 1 (mod p), in which case there exists a 0th twist of 1, also of degree 1 over F q . Then, L(1; ) = L( ; ) and using this observation, the statement in Theorem A again follows as a special case of Theorem B.
3 Application: low-dimensional representations Now we illustrate the usefulness of Theorem B by applying it to list all irreducible FGmodules of dimension q 3n?9
. For simplicity, we only consider n 5 (for n < 5 it is an easy matter to explicitly list all irreducible FG-modules and their dimensions using
13]).
Given non-negative integers n 1 ; : : : ; n a summing to n, de ne Dividing both sides by q 1 2 n(n?k) , the inequality is equivalent to proving that The left hand side is certainly greater than the in nite product applying Theorem 2.7 (note the equality there is certainly strict for x 1 3).
To calculate the dimensions of the entries in the table, one uses the hook formula and the following fragment of the unipotent decomposition matrix of GL n (F q ) (in the notation of 13]):
(n) (n ? 1; 1) (n ? 2; 2) (n ? Finally, we need to determine which of the remaining possibilities do indeed satisfy the bound. Certainly, the largest dimension of any of our modules is (q n ? 1)(q n?1 ? 1) (q ? 1) 2 < q 2n?2+ q;2 ; so for n 7 + q;2 , all entries do de nitely satisfy the bound dim L q 3n?9
. Further calculation for n < 7 + q;2 gives rise to some extra exclusions for small n and q, as in the 
